
 

Operator analysisof Tete x

our simple computation for the

R ratio bed to quite impressive agreement

with experimental data but there are

aspects of the computation which are

unsatisfactory We have shown that we

get finite results computiy in perturbation

Thierry but why is it Ok to compute

with an physical quark gluon stets

There should be hedronisation corrections

how big are they

For the total cross section there are

answers to these questions obtained after



combining the optical theorem with the

Operator Product Expansion5 OPE

The optical theorem states that one

can obtain the total cross section

from the imaginary part of the forward

amplitude Applied to our case it

reads exercise
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one can rewrite this in slightly nicer form

by noticing that the intermediate piece

in the forward sealtering is just the hadronic

part of the two point function of

the photon i e Follows from Ward identity
9 9 0

tho g e g g 9411Th Ig

Plugging this into the representation for

the forward amplitude yields

Tete hadrons 4 Im This
A

This relation plays an important role in

the computation of the muon g 2 one



uses the measurement of 0 to get information

on the hadronic part of the self energy

Here we use the relation in the opposite

way we will analyze the two point

function to learn more about T

Note that the representation makes the

cancellation of IR singularities quite
transparent
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Note Imaginary parts arise when particlesgo

on shell Catkogky rule
exercise
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into phase space
integrals

Making use of a general theorem which

States that off shek Green's functions are

112 finite we also immediately set the

result that T is IR finite to all orders

in perturbation theory



The electromagnetic current of the

quarks reads

T es Is 8 tf

and the hadronic part of the self energy
is

vacuum

1
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So it is given by a product of two current

operators We are interested in the cross

section at large 0,2 q2 which corresponds

to Snell X values in the Fourier integrel



Operator product expansion rope Wilson 69

The idea behind the OPE is that at smell

distance x o a product of operators car

be expanded into a series of local operators
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the terms on the rhs are then ordered by their

operator dimension By dimensional analysis

if d da t d B then
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Higher dim operators are suppressed by

powers of X



In QFT the dimensionless coefficients

g still exhibit logerthic dependence
ow

2 because we need to rehormelize

the local operators Oi co
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This is an operator relation To determine

the coefficients G owe takes appropriate

matrix elements

let us how apply this technique to

the product of electromagnetic currents

Given the transversecity of Tru it is

good enough to consider Thug and

expand

Trx Troy G K2 Oiro

since we are only interested in the

vacuum matrix element at the end



of the day it is sufficient to consider

d caller operators e g
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From constructing the most general

Legrewgien up to D 4 we then already

know what the operators are
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To obtain Tru we then take the Fourier

transform of this relation
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Now we should determine the coefficients

Since the above equation is an operator

relation we can evaluate it with

arbitrary external stetes even unphysical

us such as quarks gluons It is furthermore

reasonable to expect that perturbation theory



will be possible for the coefficients C since

these describe short distance physics x o

and Q respectively let us then evaluate

the relation in perturbation theory for different

external status
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Then expand around q2 a or equivalently

mq 0 to find that

q2 O t t

evaluated with ng o

Next we went to obtain Cgg To do so

it is easiest to take a matrix element

with external quarks
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we this yields Egg ft

To obtain Ea we repeat the gene with

external gluons Having determined the

coefficients we can now go back to

relation f to obtain the cross section
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By dimensional analysis the contributions from

C.gg Ca are suppressed by Yg4

Our representation for T based on the

OPE answers the questions posed at
the

beginning of the lecture

1 The perturbative computation

is correct in the limit Q O

OPE justifies the completion with

anphysical hates



2 Hedrowisation corrections are

suppressed by Q the leading

corrections are given by two

non perturbative matrix elements

the quark condensate and the

gluon condensate

The OPE representation also provides an

example of factorization it separates

the low energy non perturbative physics

from the perturbative high energy physics

It turns out that for Tete x

the hadrowisation effects are



trivial in the limit 0,2 o x Not

surprisingly for p p
or e p collisions

the situation is different For these

one needs nontrivial media elements

already at leading power the

Parton Distribution Functions PDFs

Of course our result is based on an expansion

around Q and one can ask wether this

expansion is valid or even convergent Asking for

a convergent expansion in QFT is asking for too

much For example one can show that the

perturbative expansion of our correletor

receives fectorially large higher order
contributions



from diagrams of the form see eg Beneke

n

One can use a technique called Borel
resemnetsoi

to resume the series but the result is

ambiguous It turns out that the ambiguity

has the same size as the nonperturbetive

power corrections
So in some sense perturbation

theory is aware of the presence of usuprtnebetive

effects
Also the operator product expansion ie the

expansion in Q2 and is missing terms of

the form rap1 e
pay



in Euclidean space Such terms will correspondto

I e P n
r pas

in Minkowski space Resonance and instenton

models exhibiting such behavior were studiede.g

by Shifmen QCD work 2003 lectures


